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AnHOTanusa

B pa6oTe npusogaTca ¢bopMyINpOBKH BapUAIMOHHOU MOTENN DKOJOTHYECKOTO
CoO6IIeCTBA, TEOPEMEL CYIIECTBOBAHUA U € TUHCTBEHHOCTH, TEOPEMEL CTpaTuduKa-
UM I COOTBETCTBYIONEN BAPHAIIMOHHOW 3agadu. [lia >KoJorm9eckKknx Tpujo-
JKEHUU MOKA3HBaeTcA «TeopeMa | m66ca» — aHaAJIOr TEPMOAMHAMUYIECKOTO yTBED-
K JgeHnd 06 PKBUBaJeHTHOCTH 3aa4il Ha MaKCUMYM SHTPOINUH NP (PUKCHPOBAHHOM
YPOBHE DHEPI'UHU 3ajade Ha MUHUMYM dHEPIUU HpH (PUKCHPOBAHHOM YPOBHE 3HTPO-
. PopMyaupyeTca U JOKa3hBAETCA CBOMCTBO MOHOTOHHOI'O Bo3pacTaHud GpyHK-
nuoHaaa 0606IEHHON SHTPOMNUN KaK (pyHKIINN HoTPebI6HHBIX COOBIIEeCTBOM Pecy p-
coB. B cay4ae, korga 4ncjao JUMUTHPYIOUIUX PECYPCOB 6ObIIE YUCAA BUIOB, NI
OTHICKAHHSA YUCJACHHOCTH OPTaHU3MOB OCTATOYHO 6aIaHCOBBIX OrPAHUYeHUN Ha pe-
cypchl. Palimeno cooTHomenne Mex 1y pecypcamu, Tpu KOTOPOM COOTBETCTBY I0MIad
cucTeMa ypaBHEHUU coBMecTHa. ONMUCHBAOTCA CBONCTBA PENICHUA BApUAIIHOHHON
3aga4i AaA OIBYX «GAM3KHX$ BUJOB, T. €. BUAOB C «IIOYTH» NPONOPIUOHAILHEIMHI
noTpe6HOCTAMM.

Abstract

A. P. Levich, P. V. Fursova, Problems and theorems of variational modeling in
ecology of communities, Fundamentalnaya i prikladnaya matematika, vol. 8 (2002),
no. 4, pp. 1035-1045.

The formulations of variation problem of ecological community, the existence
and uniqueness theorems of the variation problem solutions and the stratification
theorem are given in this article. For ecological application «the Gibb’s theorem» is
proved — it is an analogue of equivalence of maximum entropy with fixed energy
level problem and minimum energy with fixed entropy level problem. Monotone
increasing property of extended entropy functional is formulated and proved. In the
case, when the number of limiting resources is greater than the number of species,
balance equations are sufficient for finding the population size. The compatibility
condition for the corresponding system is found. The property of variation problem
for «close» species, i. e. species with «almost» proportional quotas are described.
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1. BBegenue

OnHUM U3 BO3MOXKHBIX METOJI0B MOJIEINPOBAHUA B 3KOJOTHH COOBIIECTB SABJIsA-
eTcsi IpUMeHEHIEe BapUAIMOHHOTO MOAX0Ka. B dacTHOCTH, SKCTpeMadbHBIN TPIH-
U MOXKET OBITH NUCHOMIb30BaH A ONUCAHUA cOObIIeCTBa ONHOKICTOYHBIX Opra-
HU3MOB, NOTPeOIAIONINK B3aNMOHe3aMeHUMBIE PECYPCHI U HAXOAAIINXCA B YCIOBUAX
HAKOMUTEIBHOIO KyJAbTHBAPOBAHUA. B paMKax OIMCHIBAEMON MOIEMN BO3MOXKHO
JeJeHne U CMePTHOCTh KJAeTOK, HO He MX CIuAHue; nobapjeHue WM U3bATHE De-
CYypPCOB 1 MUKDPOOPIaHU3MOB B Ipollecce KyJAbTUBUPOBAHUA B MO/EIN HE paccMa-
TpuBaeTcsi. M3ydaeTca pazBuTHe MOMUKYIBTYPHL 10 OCTAHOBKH POCTA, BHI3BAHHON
ncHepraHueM OTHOI'O U3 PECypCcoB, HO He KaKMMU-ANO0 MHBIMU TIPUYUHAMU.

PopmyaupyeTcs BapHALIUOHHAA 3aj]ada Ha YCJAOBHBIN dKcTpemyM [1,2]:

H(ny,...,ng) = (inz) ln(ini) — inilnni—)max;
i=1

i=1 i=1

SgFng < LF, k=T, m; (1)

re n; — KOHEYHBIe HCKOMble THCICHHOCTH KaXk0T0 U3 BUJOB 7; ¢F — KOMm9ecTBO
k-ro pecypca, moTpeSa8HHOE Oy AANNE BIA ¢ I3 CpeJbl B pacIéTe Ha ONHY KJIeT-
KY K MOMEHTY OCTaHOBKH POCTa; M — ofllee KOIHICCTBO B3alMOHE3aMEHHMBIX
pecypcoB, HOTpefIseMbIX COOBIIECTBOM; W — 9HCIO BUAOB B coobmecTse; LF —
HagaTBHOe coflepKanme pecypca k B cpege (L > 0).

3agada (1) ABageTCA MaTEMATHYeCKOH (GOPMAIH3AIHEN TTOCTYINPYEMOTO 3KC-
TpeMalbHOrO MPHHIKIA, COTJIACHO KOTOPOMY AHHAMIYecKad CHCTEMa U3 3aJaHHO-
I'0 COCTOAHUA MEPEXOAUT B COCTOAHME C DKCTPEMAIBHON (B Mpejenax, JOMyCTUMBIX
HMEOIIIMICA pecypcaMi) cTpykTypoit [1,3].

BpuBenéM HekoTOpHIE BO3MOXKHBIE HHTepmpeTannn (gyHkunonana H () m
chOPMYIHPOBAHHOI'0O SKCTPEMAJLHOTO MPHHIIAIIA.

1. BaTponnA MOXKeT pacCMaTPUBATHLCA KaK Mepa «CTPYKTYPUPOBAHHOCTHY He-
KOTOPOT'O COCTOSHUA WM MepPa OTKIOHEHUA, ¢y JaJEHHOCTHY CTPYKTYPHBI CO-
CTOSHUA OT ero 6ecCTPYKTYPHOTO aHatora [4].

2. BuTponus, AUHENHO YHOPAJAOUHBAA CAMU CTPYKTYDPBI U ONHCHIBAEMBIE Ma-
TEeMATHIECCKUMH CTPYKTYPAMU COCTOAHUA €CTECTBEHHLIX CHCTEM, B OIpe-
NEeJEHHOM CMBICAE B paMKax (PyHKTOPHOT'O MEeTO/a CpaBHEHUSA MaTeMaTuYge-
ckux cTpyKTyp [1] 060611aeT NOHATHE (KOJMYECTBO DAEMEHTOBY IS KOHEY-
HBIX CTPYKTYPHPOBAHHBIX MHOXKecTB [4]. TeM caMbIM dKCTpeMaibHbIN TPHH-
UM pealu3yeT MAKCHMYM DKCIAHCHH COOOIIECTB JKHUBLIX OPraHu3MoB [3].

3. BaTponuio cucTeMbl MOXKHO PacCMATPUBATH KaK KOJAMYIECTBO WH(MOPMAINH,
CBABAHHOW CO CTPYKTYPOH CHCTEMBI, TO3TOMY BBEIEHHBIH HKCTPEMAadbHBLIN
OPUHIUT MOXKHO UHTEPIPETHPOBATh U B HHPOPMAIMOHHBIX TepMuHax [1].

4. Kak 6ygeT mokasaHo B pazjiefie 2 HacTOAIIEH paboThI, SHTPONMHIHBIA SKCTPe-
MaJbHBIT NPUHIUI ¢ OPPAHUYEHUAME MO PECYpCaM PABHOCUICH TPWHIINIY
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MUHUMAJIbHOT O OoTpebiaeHns M000ro N3 IMMUTHPYIOMINX IUHAMUKY pecypc-
HBIX (PaKTOPOB C OIPAHUYEHUAMU Ha HANMEHBIIYIO JOMYyCTUMYIO BEIWYHHY
SHTPONUNHON XapaKTEPUCTUKN CHCTEMEI.

5. BrcrpemaabHOCTh QyHKIHOHATA H (1), MTOPOXKAAIOIMIETO THHAMHUKY COOOIIIe-
CTBa, MOXHO MHTEPIPETUPOBATH U KaK TpeOoBaHNE MaKCUMaJBHOI'O Pa3HO-
00pa3us CHCTEMBI, OrPAHUYEHHOI'O AOCTYIHBIME pecypcaMu cpeabl [5].

Bpu nccaegoBaium chopMyTHPOBAHHON SKCTpeMaabHol 3agadn (1) mpu ycio-
BUM W > m OBLI MOAYHYeH PAN CTPOTUX PE3YJAbTaTOB, CPeAu KOTOPBIX CJACTYIO-

e [2].
1. Makcumym B sagade (1) gocturaercs B Touke, rje n; > 0,4 = 1, w.

2. Teopema cyIlecTBOBaHUS W €IUHCTBEHHOCTH: JJd JIOOOTO BEKTOPA
LERT ={LeR™|LF >0, k=Tm}

petenne 3aa4n (1) cymecTByeT, eqMHCTBEHHO 1 3a0a6TCA HOPMYIOH B0
BOH CTPYKTYPBI

n; =nexp(—=A,¢), =1 w, (2)
w
rae ¢ = (q},...,4™), a oflias YHCIEHHOCTHL TN = Y. MN; U BEKTOD
i=1
A= (A, ... A™) ecTb pellleHUA CUCTEMBI AJre6pandecKux ypaBHeHull

3. Teopema cTpaTuduKaIum: BCE MTPOCTPAHCTBO
m={L=(L'...,L™) | LF >0, k=T, m}

ABIAETCA OOLEJUHEHIEM HEMepeceKalomuxea NoAMHOKecTB S7 (cTpaToB),
HAXOJAMINXCA BO B3aNMHO-OHO3HAYHOM COOTBETCTBUU C HEMYCTHIMH IIO/-

MHOKecTBaMu J MHOXKecTBa {1,2,...,m} B TOM CMbICie, YTO €CJAu HEKOTO-
peiii BexTop L = (L1,..., L™) npunaaiexut nogmuoxectsy R7, cooTser-
crBytoiemy J € {1,2,...,m}, To maa »Toro BekTOpa 3amada (1) sKBHBa-

JIEHTHa 3aJa4ve ¢ paBeHCTBaMHI

rae = (ng,...,Ny).
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3ameTnM, 4UTO 3ajada ¢ HepapeHcTBamu (1) cBogmTcs (peayumpyercs) K
2™ — 1 sagadam (4) ¢ paBeHCTBaAMH W B KaXAOM cTpaTe SY pellleHne 3a-
Aadn (2) 3aBHCHT TOJBKO OT PecypcoB (W MOTPeSHOCTER B HUX), TPHHAI-
JeKAMUX MOAMHOXKeCTBY J. BpHYéM WMEHHO 5TH pecypchl (B TOIBKO OHN)
HOTPeBAAIOTCA TOTHOCTEIO (ABAAIOTCA TUMHTHPYIOLINMI ), T. €. COOTBETCTBY-
IOIIie HEPABEHCTBA M3 OrPaHMTeHHH 0OpamaloTCsa B paBeHCTBA.

B nacrosmen pa6oTe (bopMyIUpYIOTCA U NOKa3BIBAIOTCA HEKOTOPEIE CBOUCTBA
sagaqan (1), gyHkumoHasa oGobmenHoN sHTponmu H (i) u pemenus sanaqdun (1)
B caydae w < 1m.

2. «Teopema I'm66ca»

BasBanne TeopeMbl u €6 (GopMyJIHPOBKa ObLIN TIpeiokeHbl B padoTe [6].

Teopema. Pycrb mbr mmeeM BekTop A = (AL, ... A™), coorsercTByommii pe-

m
menno (2) sagan (1), mmyers ¢ = Y. AFL*. Pycrs gammeni extop pecypcon LF
k=1
npuHagrexRaT HekoTopoMmy crpaty S7, mpmaém N > 0 gaa k € J, A = 0 gas
k ¢ J. PaccMoTpuM CIefyIomyIo 3KCTPEMATIbHYIO 33439y :

In; — min, j € J;

'MS
=

s
Il
-

H(7) > ¢ (5)

s
Il
-

Torga penrenne (2) saga4u (1) ABageTca ofHOBpeMeHHO pellleHHeM cucTeMbl (D).
Bepro n o6paTHoe yTBepxAeHme: €CIu BeKTOp i = (N, ...,Ny) — pelieHne CH-

. wo
cremer (5), To BekTop 1t 6ygeT u pemenuem 3agaqn (1) ¢ LI = 5 ¢ln;.
i=1

BocKoIbKY B TepMoJHHAMEKE aHAJOTMYHOE yTBEpXKAeHHe 06 3KBHBAJCHTHO-
CTH 3aJa4i Ha MaKCHMYM SHTPOINH IIpH (pUKCHPOBAHHOM YPOBHE SHEPIHH 3a,ade
HA MHHUMYM DHEPIUEU 1IpU (PUKCHPOBAHHOM YpOBHe sHTpormuu BBéa ['ub6e [7], To
chopMyampoBaHHOE YTBEPXK eHne GLLTO HazBaHO «Teopemol ['mb66cas [6].

JMokazaTeabcTBo. SanumeM (pyHKOUE Jlarpanxa m Heo6XOAUMBIE YCIOBHUA
srcTpemyma 3agad (1) u (5).

Mast sapaan (1):

z:Ao(—H(ﬁ)HéA’“(iq%—L’“), (6)

i=1
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/\6H +zq’uk—o i=T,w;
k=1
/\k(Zq nl—Lk)ZO, k=1m; (7)

=1

MNe>0 k=0,m.

Ecin MHOXKEUTEIb A\g paBer (), TO U Bce ocTalbHble MHOKITeM Jlarpamxa A |
k =1, m, JOMKHL 6HTH HYJIEBEIMH, ITO IPOTHBOPEYNT CYIIeCTBOBAHNIO HeHY.Ie-
BOro BekTOpa MHONKHUTenen Jarpanxka. Bosromy mpumem Ay = 1. Toraa meobxo-
JUMBIe YCIOBHA SKCTpeMyMa 3a1adu (1) uMeT BHJ

Must sanaan (5) dyHkung JarpaHxa nMeeT BHJ

ﬁ:yogq‘gni—l—ul(é/\kLk—H(ﬁ))+§:1/’“<qunz—Lk) (9)

k#j i=1

Amajgornvmse paccyK IeHnsS MPUBOIAT K BO3MOXKIOCTH mpuuaTh ' = 1. B sTom
cllydae HeoOXOMMBIe YCAOBHA SKCTpeMyMa 3agadn (D) 3aJa0Tcd CHCTEMOH ypaB-
HEHUN

B a

(10)

3aMeTHM, 9TO [pPH NOJCTAaHOBKe (hOPMYJIBI BIIOBON CTPYKTYPHI (2) B hopmy-
m
ay mnas H (@) moxyaem H(7@) = . A*L* 1. e. BTOpoe ypapuenne cuctemur (10)
k=1
BEpHO, a ocTalabHble ypaBHeHus cucreM (10) m (8) coBmagamoT ¢ TOYHOCTBIO 10
o6Go3HadeHNI MHOXKNTeRel Jlarpanka (HCkI09ad W3 CUCTeMbl (8) ypaBHeHHe /s
k = j). Takum o6paszom, petterne 3agaqn (1) ABagercsa skcTpeManbio sanadn (5).
w .
Kpowme Toro, mpu Bemoanennn paBencTsa L) = Y ¢l n; moaydaem, 9T0 BRIpakenue
i=1
. w : . .
A ( S qling — L]) paBHO HYJIIO I BCeX 3HAUYeHUH A, a ocTalbHble HeO6X0IUMBIE
i=1
YCIOBHA 3KCTpeMyMa 3a a4 (1) coBmagaroT ¢ COOTBETCTBYIOMINME YCIOBHAME 3a-
gagn (5) ¢ TOYIHOCTBIO 10 0603HAYMeHNN MHOXHTeNeH Jlarpanka 7 u .
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w
Bockoabky anneitnbe kombunammm Y ¢¥n;, k = T, m, u dpynaxuna H (i) aBaa-
i=1
IOTCA BBITYKJALIMA (DYHKIMAMHA, a MHOXKHUTENN Jlarpanka IIpu 5KCTPEMU3NPYEMBIX
byukunax zanad (1) u (5) oraudnsr ot nyas (MuoxuTeasb v° # 0, Tak Kax emy co-
OTBeTCTBYET MHOXKITEAb A > 0, j € J), To, cormacto Teopeme Kyna—Takkepa [8],
HallJeHHEIE SKCTPEMATN ABIAIOTCA PEMIEHNAMYI COOTBETCTBYIONNX BapUAITMOHHBIX

3aaad.

3. TeopeMa O MOHOTOHHOM BO3paCTaHHUHU 3HTPOIINN

Teopewma. /daa ¢pyrknmonara H (i) (n = n(f)) BHIIIOIHAECTCA CBOIICTBO

OH N

JokazareascTBo. CoriacHo TeopeMe CTpATH(UKAINN, TPUBEIEHHON B pa3-
neqe 1, BCé MpOCTPAHCTBO

m={L=(L'..., L™ | LF >0, k=T,m}

bl

pacmagaeTca Ha 27 — 1 Hemepecekatomuxca mogmuoxects S7, J C {1,..., m}.
B xax oM crpare S7 3ajada ¢ HepaBeHCTBAMIE (1) skBHBaJeHTHA 3a/1a4€e ¢ pABEH-

[
cteamu (4). Bacemorpum S7 — BHyTpernocThs cTpaTa S, KoTopas BLzeaseTCS
ycaosuem A > 0, j € J [2]. Mas skcTpeMadbHON 3a4adu ¢ OrpAHUYEHUAME B BIE

V]
pasercTs (4) B S/ BRMOMHEHO

OH , OH
—=XN,jeJ n —=0, k¢ J
oL ! oL* ¢
rae M — cooTBeTcTByfommii MHOXHTedb Jlarpamka. BpuBeaém goxazaTemn-
CTBO 3TOro GaKkTa COTIACHO TeopeMe O anddpepeHINPOBAHNE SKCTPEMI3NPY€EMBIX
dbysakuni [9].
BaccmoTpum cucteMy ypaBHEHHE
6( zw: an,—Lj)
a(—H(# = P P S
8(=H(A) anfn)) + ) — TN =0, i=1uw
JEJ (11)

Zq‘gni:Lj-l-lj, jeJ
i=1

Bycrs * — pernenne 3agaqn (4), a A* — MHOXKHITeXb JlarpaHxa, COOTBETCTBY-
IOLINE >ToMy pellleHnio. Torga pelieHieM cHCTeMBl ypaBHeHnH (11) oTHOCHTEIBHO

mepeMeHHBIX (77, X,f) ABageTcsA ToUKa (717, X*, 0) (7 = (n1,...,ny), @ KOMIOHEHTHI

BekTopos A u [ ects M u I, j € J, COOTBETCTBEHHO), MOCKOABKY B 3TOM CIAydae

cucrema (11) npespamjaeTcs B He0GX0MMBIE YCIOBHA DKCTpeMyMa 3agaqdn (4).
Bpumenenne Teopembl o HesiBHOU dyHKunE K cucreme (11) (o6ocHoBanne Bo3-

MOXKHOCTH TIPUMEHEHNA TaHHOH TeopeMBl MOXKHO HalTH B IHTHPYeMoll paGoTe [9])
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— J—

TAéT CAeNyIONINH pe3yabTaT: cyiecTsyeT ¢ > 0 u pyHKIun nl(f) uA(l),i=1w
(ni(l) € C*, \i(1) € C* ma S(0,6)), Takue 4aro

o( 32 alnill) - 1)

(= Hii(D)]) jm Nim B e
T 4—:{:A (1) - =0, i=Tw, (12)
jEJ
n w
Sgln(l)y— L =1, jel (13)
i=1

Bpu stom 7(0) = 7%, X(O) =X
Ncnonbsys (12), MOXKHO 3amicaTh BhIpakKeHHe

omill) (=H (7)) | 5~ Omill] ; (G -) -

J = — S
alx  om >~ N an; =0, i=lw keJ
jed
I
3( i ¢ln; — L])
(=H[a{l)) Oni(l) \jom Nimt o
= — Ml = k . 14
3 T
jed
C npyron cropousl, guddepentupys (13), noayanm
Gant) o)
I=—" T , JEed J=k
Wk v ‘ (15)
o Foner)
OZW’—T’ _]EJ, _];ék’
O6peannssn (14) u (15), moaydaem
0 o= -
o (A = =5 (0). (16)

BacemoTpum nepemennyio z* = LF 4+ 1% Nmetor MecTo ciiefylolme coOTHOIIe-
HUA:

oH  OH 32’“. 3H_3H3zk. 3H_3H\3lk 3,2’“_ &
OLk — 9zk LK™ 91k 92k 9k ALk 9k \ Ok OLF
[}
Bockoabxy B 57 MuoxuTemn Jlarpanxa permenns 3aqadn (4) TOMOKUTETLHEL,
M >0,j€J,as S’ sanaum (1) u (4) skeuBatenTHEl, To nmeem JH/ILF > 0,
[}
k=1, ms S’ aasagaau c orpanmaennavmu B Buje HepasencTs (1).
J
OTMeTHM, ITO IPH HHTEPIPETAINH pecypcoB L* kax MeTaGoImIeCKOro BpeMe-
mu cucrembl [10] gokazanHas TeopeMa crTaHOBUTCA aHagoroM H-reopembl Bodbi-
MaHa O BO3pacTaHWU SHTPOINU CTATHCTHYECKON CHCTeMbl MOHOTOHHO IapaMeTpy
BpEMeHU.
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4. BapI/IaI_II/IOHHaJI 3aja'da AJA Cay'ada w <M

Bpexae dem chopMyanpoBaTh yTBEpKIeHNE, MPUBEAEM €II€E pa3 ONpeeleHne
HEOOXOMMMOTrO TOHATHA. JIUMUTHPYIOUINM HA3BIBAETCA PECYPC, MOTPebIseMbIi
cOOBIIECTBOM M3 CPedbl TIOJHOCTBHIO, UTO HAa MaTeMaTHYeCKOM A3BIKE O3HavaeT
obpallieHIe COOTBETCTBYIOIIETO HCXOTHOTO GalaHCOBOT O OrpaHnYeHns 3aga4dn (1)
B paBeHCTBO. TeMm caMBIM Teopema cTpaTH(UKAINT TO3BOAIET B KaXK 01 001acTh
NIPOCTPAHCTBA PECYPCOB yKa3aTh Te, KOTOPbIe ABIAIOTCA TUMUTHUPYIOIIIMHA.

YrTBepx aeuune. PaccMoTpHM BapHAIIHOHHYIO 32439y
( i) — max;
E gini <LF, ke =T,m; (17)
M0 Q=T

Torga ecin 9ucI0 JHMHITHPYIOIIEX PECYPCOB (T. €. TeX, J/IA KOTOPHIX HEPABEHCTBA
NPEBPANIafoTCA B PABEHCTBA) GOJBIIE HIH DABHO YHCIY BHJOB COOOUIECTBA, TO pe-
IIIeHHe 3aJ[a9H CYIeCTBYeT, NPU YCJIOBUU BBIIOTHEHUS COOTBETCTBYIONX YCIOBUH
COBMECTHOCTH CHCTEMBI ONDAHHYCHHH, U 3a7a6TCA CHCTEMOHN H3 W GaJaHCOBBIX
ypaBHEHUH.

JdokaszaTeabcTBo. B cuTyanmm, Korja 9nucao AUMATHPYIOMNX (HaKTOPOB
GoJIbllle WM PaBHO YHCIY BHJOB, BapualioHHasd 3afada (17) TepseT cMBICT, MO-
CKOJBKY COOTBETCTBYIOIINE HEPABEHCTBA CTAHOBATCA PABCHCTBAMM U HCJACHHOCTH
OPTaHW3MOB OIPENENAIOTCA CUCTEMON OTDAHWYEHNH, P YCIOBHU €€ COBMECTHO-
CTH:

Sglng =1L/, jeJ, Jc{l,2,....,m}, w<m, |J|>
i=1 - (18)

Brinuimem yeJaoBus COBMECTHOCTH CHCTEMBI OTPAHUYEHNHN, TPU BHIMTOJHEHNH KOTO-
pBIX HMeeT MecTo 3ajada (18). M3 mobbIX w ypaBHEHUH BEIPAKAIOTCA THCIEHHO-
et ng, i = L,w: n; = Q;/Q, rae @ — ompeaenuTe b MATPHIBI, COCTABICHHOMN
U3 3HAYEHNH TMOTPeOGHOCTEN ©w BUAOB B BRIOpAHHBIX w pecypcax, ; — ompe-
JeJUTe b MATPHUIEI, B KOTOPOH Ha i-M MeCTe CTOUT CTOMGEll, COCTABACHHBIN W3
na6opa pecypcos L k =iy, ..., i, (BEIGpaHHEIe W pecypcoB), a ocTaIbHEIE CTOI6-
Bl COCTABAEHB W2 COOTBETCTBYIOMINX NMOTPECHOCTEN (HATOMHEM, 9TO B yCAOBHAK
paccMaTpUBAEMOll MOJEIN 3HAUEHNA TOTPEGHOCTEN BIJOB IMHENHO HE3aBIUCHMEI).

BojacraBuB moayveHHble YUCACHHOCTH n; B ocTaBlunecs |J|— w ypaBHeHUll cu-
CTeMBl OTPAHUYEHUH, TOXY UM UCKOMBIE COOTHOIICHUSA MEX Y PecypcaMiu:

lQl le { . .
=+ ta,—=L, l=tps1, .., 07—
"Q Q I

Takum obpasoM, B caydae, KOTAa HUCAO BHUAOB W MeHDBIIE WIW PABHO YUCTY
pecypcoB m, ctpathl S7 pasmeprocTn |J| > w 3aKaloTca yeIoBEEM COBMECTHOCTH
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CHUCTeMBI YpaBHEHIH
w .
gni=L, jed | zuw
i=1

Wz 5Tol cucTeMBl HAXOATCSA YHCAEHHOCTH BHAOB HA CTAIMOHADHOW CTAJWHN PO-
cra. Crparsr S7 pasmeprocTn |J| < w HaXOAATCA MO AATOPUTMY, 3a/]1aBaeMo-
My TeopeMoll cTpaTudukanuu [2,11], a ducaeHHOCTH BUIOB 110 (HOPMYJe BHAOBOI

CTPYKTYPHI (2).

5. 3agatva o «OJIU3KUX» BHAAX

ByceTh coobitiecTBO cOCTONT U3 JABYX BUAOB OPTaHU3MOB, TTOTPEGAAIONINX ABA
pecypca L' m L?. Kpome Toro, mycTh TOTPe6GHOCTH BHIOB GIMAKH K TPOIOPIH-
OHAMBHBIM, T. €. qi/q3 = d, ¢}/¢? = d+ ¢, rae ¢ € d. CoriacHo TOMTYIeHHBIM
AATOPUTMAM HAXOXK JeHUA 06JACTel JUMITHPOBAHNA I OTHOCUTENLHBIX TUCIEHHO-
cTell BHAOB Ha CTAlMOHAPHON cTajuu pocTa [2], KoddUIHeHTH yria HAKIOHA
MPAMBIX, O PAHTIHBAIONINX CTPATH, BEIMUCAAIOTCA O (popMyTam

1 1 2 2
L 0w Ferg 0y + e (19)
- ql ql b - q2 q2 b
giegt + gy’ 7Yt + Yo’

1 1 2 2
rje &y — KOpeHb ypaBHeHusa ¢4 +x9%2 = 1, a yy — Kopenb ypapHenust y1 +y92 = 1.
OTHOCHTENBHBIE YHCACHHOCTH BIAOB Ha CTAINOHAPHOHN CTa Ul POCTA 3aJal0T-
cs Boipakenusmu [11]

ny — % ng _ 92 L
n Loy T = 2o npu Fz < v
2 2 1
ny — .91 nz __ 92 L
T Y S = Y npu 7z > 1); (20)
2 1 1 1 1
niy _ 92 X—92 na __ 91 —492X L
ny — __ HoAxTHy Mo — 17 YX . gy p < < p.
n GBx—9+ai—9ix’> n Ex—a5+ai—4ix b ST R

3aech x = L1/L2.
OnuiremM cTpaThl U OTHOCHTENbHbIE TUCAEHHOCTH BUJ0B, HOTPEOHOCTH KOTO-
PBIX 06IaJal0T YKa3aHHBIME BHILIE CBORCTBOM, HCIIOAb3ysA Gopmyast (19) u (20).

1 1.4
k 92 qaex
V:V(Qiag):_z_ q! qu PENE
2 (deg +ap’ +cxy')
2
1 1.,,91
k q5 q42€Y,
n=n(q,e) =3 — L

B 2 2 2
© @3(dyd + v +evgt)
mpu v(qf,e) < x < n(ek,e)

n 43X — q3 ny  dgh —dgix —g3xe

n - (I—d)(gix—qi) —adxe’ n (1—d)(g3x —qi) —gdxe’
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Baﬁ;{eM OTHOCUTEJBbHBIE YUCICHHOCTHN BUAOB Ha I'PaHUIE CTPATOB!:

1,41 1,41
1 1
ny _ (28T, _ 422 _a ni _ .4
n T Lab 1 oab a0 g — Yo
=V =
X 928%y +Eq3%, g2e(g" + 2g°) x=n
n2 g n2 g
— =z, — =y
n lxy=v n lx=n
BacemoTpum nipegen nipu € — 0:
1
. T _ 95
limy =limn= =,
=0 =0 q5
a3 a4 43
xpoMe Toro, mpu € — 0 yy' = xy', yy° = x,°, HOCKOIBKY Yp U o HIIYyTCA W3

ypaBHEHHI 2% 4 g% = 1q ydqg + ng =1.

Takum o6pazoMm, B ciaydae, KOT[Ja MOTPeSGHOCTH BHUJAOB B PECYPCAX (IOYTHY
MPONOPIUOHAIBHBI, 06IacTh JUMUTHPOBAHUA MBYX (PAKTOPOB CANBAETCA B JyH,
a OTHOCUTENBbHBIE UCACHHOCTH BUI0B OJANZKN K TTOCTOAHHBIM:

Mmo_ a2 @
— =Ty, — =
n

ABTOpEI paGoOTHI BHIPAXKAT NIyOoKyo npuzHaTelbHOCTh B. JI. AsekceeBy 3a
MHOT OYHCJEHHBIE UeH, NCITOAb30BAHHBIE B HACTOAIIEN paboTe, U 3a MO0 TBOPHEIE
ob6Cy K TeHn .
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